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Introduction



Theory vs Practice in 1st order stochastic
optimization in NN

Theory Practice
* Optimal 1% order algorithm —

mirror descent with rates: » Non smooth (even non

convex), but usually

e Non —smooth O (L> e Various variants of SGD are
VT used (Adagrad, Adam,
1 RMSProp, etc.
e Smooth O (ﬁ) rop, etc.)

Why don’t we use an optimal algorithm (MD) for
optimization in NN training?



Optimal algorithm?

* Means, that upper bounds for this algorithm meets lower bounds for
this class of problems (convex, non-smooth optimization in our case)

Theorem (Nesterov.) Let B= {z | ||z — 2°||]2 < D}. Assume, z* €
B. There exists a convex function f in C?(B) (with L > 0), such
that for 0 < k£ < n — 1, the lower-bound

f(xk) o f(ﬂf*) = 2(1_,_11?@);

holds for any algorithm that generates x* by linearly combining the
previous iterates and subgradients.

Projected Subgradient Descent Mirror Descent
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(Projected) (Sub)gradient Descent

mln f (CU) Lyt = T — OLJL (Sub)gradient descent
reR"

mlg f(ﬂf) [Ifk_|_1 = HS {ij, — ozkgk} Projected subgradient descent
re

Bounds are usually obtained in a following way:
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(Projected) (Sub)gradient Descent
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Projected Subgradient Method

. 1 2
ri1 = argmin ((akgp, 7) + 5z — i)
reS 2

. 1
vt = argmin ( £(0g) + (pgis@ — g) + 5w — 2 )
LUES N / K2 /

e N
First order Taylor approximation Prox - term

* The same upper bounds as for the unconditional problem!
* But what if the “local geometry” is not Euclidian?



Mirror Descent



Mirror Descent

Ty = argmin ({a.gp, ) + Vg, (2))
rEeS

Vi (2) - Bregman divergence (distance) is induced by distance
generating function:

Valy) = oly) — o(x) — (Vo(z),y — )

Where DGF is “1” strongly convex w.r.t. primal norm

89) > 0(a) + (Vo) y — ) +5lly . Vryes

Idea: choose primal norm (with corresponding) dual norm and
suitable distance function to fit the geometry of the data



Mirror Descent

TaBLE 2.1
Common seed functions and the corresponding divergences.
Function name o(z) dom ¢(x) Val(y)
Squared norm i (—o0, +00) (@ —y)?
Shannon entropy zlogos — [0, +c0) x log % —z+y
Bit entropy zlogz + (1 — z)log(1 — z) [0,1] xlog i + (1 —2x)log i:—;
Burg entropy —logx (0, +00) i log g -1
Hellinger —V/1 =22 [—1,1] (1 —2y)(1—y?)~ V2 - (1 —2)1/?
¢, quasi-norm —zP (0<p<l) [0, +00) —zP +payP~l — (p—1)y?
£p norm ||? (1<p<o0) (=00, +00) | [x” —pasgny |yl + (p— 1) |y|?
Exponential expx (—o0, +00) expxz — (x—y+1)expy
Inverse 1/x (0, 400) l/z+z/y? —2/y
TABLE 2.2

Common exponential families and the corresponding divergences.

Exponential family 1(8) dom ) w(8) o(x) Divergence
Gaussian (o2 fixed) 50'262 (—oc, +oc) 20 %2’2?2 Euclidean
Poisson exp @ (—o0, +00) exp # zloge —x Relative entropy
Bernoulli log(l +exp®) | (—oo,+0o0) ﬁ% zlogz + (1 — x) log(l — x) Logistic loss
Gamma (o fixed) —a log(—6) (—o0,0) —a/f —alogz +aloga — a Itakura-Saito

source


https://authors.library.caltech.edu/9428/1/DHIsiamjmaa07.pdf

Mirror Descent

_ i IMG?
f(@)—f < e
lgkll« < G Vi(x™) < M

One more interpretation:
Voﬁ(rk) E*

1. y. = Vo(xy)
2. Ypt1 = Y — oV fr(rr)

3. They = g ML Vg gy, ()

Ykt1 =Yk — o Vi)

V(fﬁ*(?}]ﬁq)



Supremacy

Consider a simple problem, where MD could outperform GD:

glelgf(x) S:An:{$€Rn|1Tx:1,x20}
Choose the primal norm: || - |1 , corresponding dual norm: || - |

Valy) = Y yilog > = D(ya)
icn] '

ro=(1/n,...,1/n) = Vi (x) <logn Vr e A,



Supremacy

Let f(z)=|lAz — bl , then Vf(z)=A'sign(Az —b)
GD MD
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Gy = || Alallsign(Az — b2 = |4l Goo = [ Allsolisign(Az — b)[lse = [|A]loo - 1
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Supremacy

What internet says:

COMPARISON ™MD VS. GD

= GRADIENT DESCENT
— MIRROR DESCENT
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f(x) — flx")
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Supremacy

My experiments:
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Around local metric estimation

* Projected subgradient descent
* (Quasi)Newton methods

* Mirror Descent

e Natural Gradient

* Fashionable DL methods:

1

Thy] = argmin (f(fﬂk) + (g, ) + =(I(x — x1), 0 — $k>)
resS 2

. 1
Tl = alg 1in (f (k) + {akgr, ) + S(Hp(r — 2p), @ — -75k>)

Thyl = arggieig (f(xg) + (opgp, v — xp) + Vi, (x))

. 1 1
Th+1 = arg Mmin (f(ifk:) +{argr, 2) + 5((F) (@ — @), @ — 517k>)

W1 = wi — o H 'V f (wr, + e (wp — wi—1)) + Bl "He 1 (wp — wi—1)

SGD |HB | NAG| AdaGrad RMSProp Adam
Ge| I | T | I |Gk—1+Di|B2Gr-1+ (1~ B2)Ds 1_57256?1(_1 + %Dk
ap | « « a « « « i :g L
k-1
Bl 0| B | B 0 0 20
¥ 0 0 B 0 0 0
Table 1: Parameter settings of algorithms used in deep learning. Here, D;, = diag(gx o gr) and

G := Hy o Hi. We omit the additional € added to the adaptive methods, which is only needed to ensure
non-singularity of the matrices Hg.
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Conclusion
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Problems with Adam
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