






o

𝑓𝑅: 𝑟𝑖𝑗 ≈ 𝒑𝑖
⊤𝒒𝑗 = 

𝑘=1

𝑑

𝑝𝑖𝑘𝑞𝑗𝑘

o

ℒ 𝐴, 𝑅 → min

o 𝑅

o ℒ

o

≈

𝑃 𝑄⊤

𝑑

𝒑𝑖
⊤

𝒒𝑗

𝐴

𝑀

𝑁 𝑑 ≪ min(𝑀,𝑁)
𝑗

𝑖



𝐴0 − 𝑅 F
2 → min, s. t. rank 𝑅 = 𝑑

𝐴0 𝑖𝑗 = ቊ
𝑎𝑖𝑗 , if known

0, otherwise

𝑓𝑅: 𝑅 = 𝐴0𝑉𝑑𝑉𝑑
⊤

•

•

• O 𝑛𝑛𝑧 ⋅ 𝑑 + O (𝑀 + 𝑁) ⋅ 𝑑2

•

•



𝒥 Θ = ℒ(A, Θ) + Ω(Θ)

Θ = {𝑃, 𝑄}

Ω(Θ) 𝐿2

stochastic gradient descent (SGD)

alternating least squares (ALS) 

൝
𝒑𝑖 ← 𝒑𝑖 − 𝜂𝛻𝒑𝒊𝒥

𝒒𝑗 ← 𝒒𝑗 − 𝜂𝛻𝒒𝑗𝒥ቐ
𝑃∗ = argmin

𝑃
𝒥(Θ)

𝑄∗ = argmin
𝑄

𝒥(Θ)



•

•

•

•

•

•

•

•

•

•

•

•

•



•
•

•
•

ℒ =

𝑖𝑗

𝑤(𝑎𝑖𝑗) ⋅ 𝑙 𝑠𝑖𝑗 − 𝑟𝑖𝑗
2

•
•

ሚ𝐴 = 𝐷𝐴0, 𝐷 𝑖𝑖 = ‖𝑎𝑖‖
𝑓−1



•

•

• 𝑄

• 𝑃 𝑄

≈

𝑃 𝑄𝑇

𝒑𝑖
𝑇

𝒒𝑗

𝐴











•

•

←
? ? ?

𝑊

𝑃𝑋

𝑋 = 𝑃𝑊

𝑋𝑊 = 𝑃



𝑓 user features, item features → feedback

𝑟 = 𝒘⊤𝒛 + 𝜖

𝑟𝑢𝑖 = 𝑏user + 𝑏item +𝒘user
⊤ 𝒙𝑢 +𝒘item

⊤ 𝒚𝑖

𝒛⊤



How to add personalization?

•

•



How to add personalization?

•

𝑍 = 𝒙𝒚⊤, 𝒙 = 𝑥1, … , 𝑥𝑚𝑥

⊤
, 𝒚 = 𝑦1, … , 𝑦𝑛𝑦

⊤

•

𝑟 = 𝒘⊤𝒛, 𝒛 = vec 𝑍

•

𝑟 = 𝒙⊤𝑊𝒚,

vec 𝑊 = 𝒘, 𝑊 ∈ ℝ𝑚𝑥×𝑛𝑦



Improved top-𝑛 ranking

•

𝑟𝑥𝑦 = 𝒙⊤𝑊𝒚 =

𝑖=1

𝑚𝑥



𝑗=1

𝑛𝑦

𝑤𝑖𝑗 ⋅ 𝑥𝑖𝑦𝑗

• 𝑤𝑖𝑗

x𝑖 y𝑗

𝑟𝑥𝑦 − 𝑟𝑥𝑦′ =

𝑖=1

𝑚𝑥

𝑥𝑖

𝑗=1

𝑛𝑦

𝑤𝑖𝑗 ⋅ 𝑦𝑗 − 𝑦𝑗
′

•



•

• →



•

𝑟𝑥𝑦 = 𝒙⊤𝑊𝒚

𝒙⊤ = 𝒙id
⊤ 𝒙feat

⊤ , 𝒚⊤ = 𝒚id
⊤ 𝒚feat

⊤

•
𝑅 =

•

•

O( )



• 𝑊

•

•

𝑊 = 𝑃𝑄⊤

•

𝑅 = 𝑋𝑃 𝑌𝑄 ⊤



minℒ(𝐴, 𝑅)

𝑅 = 𝑋𝑃 𝑌𝑄 ⊤

𝑋 = 𝑋1 𝑋2…𝑋𝑚 , 𝑌 = 𝑌1 𝑌2…𝑌𝑛

𝑟 = 𝑏0 + 𝒈⊤𝒙 + 𝒇⊤𝒚 + 𝒙⊤𝑃𝑄⊤𝒚

• 𝑏0 = σ𝑔∈𝐺 𝛾𝑔𝜇𝑔

• Θ = 𝒈, 𝒇, 𝑃, 𝑄

•

𝑖

𝑗 𝑓1, 𝑓2, 𝑓3

𝑎1, 𝑎2
𝒙𝑘

𝒚𝑘

/ ⋯

⋯



•

•

•

https://github.com/lyst/lightfm


𝑓 𝒛 = 𝑏0 + 𝒃⊤𝒛 + 𝒛⊤𝐻𝒛 +⋯

S. Rendle, “Factorization machines”, 2010.



𝑟 𝒛 = 𝑏0 + 𝒃⊤𝒛 + 𝒛⊤𝐻𝒛 +⋯𝑟 = 𝑏0 + 𝒈⊤𝒙 + 𝒇⊤𝒚 + 𝒙⊤𝑃𝑄⊤𝒚

𝒃 =
𝒕
𝒇 , 𝒛 =

𝒙
𝒚

𝐻→ 𝐻

𝐻 = 𝑉𝑉⊤ 𝑉

𝑟 𝒛 = 𝑏0 +

𝑘=1

𝐾

𝑏𝑘𝑧𝑘 +

𝑘=1

𝐾



𝑘′=𝑘+1

𝒗𝑘
⊤𝒗𝑘′ ⋅ 𝑧𝑘𝑧𝑘′

Θ = 𝑏0, 𝒛, 𝑉

𝑖 𝑗
𝒛𝑘



𝒛 =

𝒙
𝒚
𝒇

𝑉 =

𝑉𝑥
𝑉𝑦
𝑉𝑓

𝒛𝑇𝑉𝑉𝑇𝒛 = 𝒙𝑇 𝒚𝑇 𝒇𝑇
𝑉𝑥
𝑉𝑦
𝑉𝑓

𝑉𝑥
𝑇 𝑉𝑦

𝑇 𝑉𝑓
𝑇

𝒙
𝒚
𝒇

= 𝒙𝑇𝑉𝑥 + 𝒚𝑇𝑉𝑦 + 𝒇𝑇𝑉𝑓 𝒙𝑇𝑉𝑥 + 𝒚𝑇𝑉𝑦 + 𝒇𝑇𝑉𝑓
𝑇
=

= 𝒙𝑇𝑉𝑥𝑉𝑥
𝑇𝒙 + 𝒚𝑇𝑉𝑦𝑉𝑦

𝑇𝒚 + 𝒇𝑇𝑉𝑓𝑉𝑓
𝑇𝒇 + 2 𝒙𝑇𝑉𝑥𝑉𝑦

𝑇𝒚 + 𝒙𝑇𝑉𝑥𝑉𝑓
𝑇𝒇 + 𝒚𝑇𝑉𝑦𝑉𝑓

𝑇𝒇

𝑟(𝒛)

𝑟 𝒛 =
1

2
𝒗𝑥 + 𝒗𝑦 + 𝒗𝑓

𝑇
𝒗𝑥 + 𝒗𝑦 + 𝒗𝑓 − 𝒗𝑥

2 + 𝒗𝑦
2
+ 𝒗𝑓

2
=

𝒛 ∈ ℝ𝐾:
𝑖 𝑗 𝑓1, 𝑓2, 𝑓3

𝒗𝑥 = 𝑉𝑥
𝑇𝒙, 𝒗𝑦 =

=
1

2


𝑙=1

𝑑



𝑘=1

𝐾

𝑣𝑘𝑙𝑧𝑘

2

−

𝑘=1

𝐾

𝑣𝑘𝑙𝑧𝑘
2

𝑉 ∈ ℝ𝐾×𝑑



𝑟 𝒛 =
1

2
𝒛𝑇

𝑉𝑥
𝑉𝑦
𝑉𝑓

𝑉𝑥
𝑇 𝑉𝑦

𝑇 𝑉𝑓
𝑇 −

𝑉𝑥 0
𝑉𝑦

0 𝑉𝑓

𝑉𝑥 0
𝑉𝑦

0 𝑉𝑓

𝑇

𝒛 =

=
1

2
𝒛𝑇

0 𝑉𝑥𝑉𝑦
𝑇 𝑉𝑥𝑉𝑓

𝑇

𝑉𝑦𝑉𝑥
𝑇 0 𝑉𝑦𝑉𝑓

𝑇

𝑉𝑓𝑉𝑥
𝑇 𝑉𝑓𝑉𝑦

𝑇 0

𝒛 = 𝒛𝑇𝐻𝒛

𝒛 =

𝒙
𝒚
𝒇

𝑉 =

𝑉𝑥
𝑉𝑦
𝑉𝑓

𝒛 ∈ ℝ𝐾:
𝑖 𝑗 𝑓1, 𝑓2, 𝑓3

𝑉 ∈ ℝ𝐾×𝑑



𝐻 =
1

2

0 𝑉𝑥𝑉𝑦
⊤ 𝑉𝑥𝑉𝑓𝑥

⊤ 𝑉𝑥𝑉𝑓𝑦
⊤

𝑉𝑦𝑉𝑥
⊤ 0 𝑉𝑦𝑉𝑓𝑥

⊤ 𝑉𝑦𝑉𝑓𝑦
⊤

𝑉𝑓𝑥𝑉𝑥
⊤ 𝑉𝑓𝑥𝑉𝑦

⊤ 0 𝑉𝑓𝑥𝑉𝑓𝑦
⊤

𝑉𝑓𝑦𝑉𝑥
⊤ 𝑉𝑓𝑦𝑉𝑦

⊤ 𝑉𝑓𝑦𝑉𝑓𝑥
⊤ 0

𝑉 =

𝑉𝑥
𝑉𝑦
𝑉𝑓𝑥
𝑉𝑓𝑦

, 𝒛 =

𝒙
𝒚
𝒇𝑥
𝒇𝑦

𝒛 ∈ ℝ𝐾:

𝑉 ∈ ℝ𝐾×𝑑 , 𝐾 = 𝑀 + 𝑁 +𝑚𝑥 + 𝑛𝑦



•

•



1

1 0.5

0.5 1

1

𝐶 = 𝐴𝐴𝑇 = 𝑈Σ2𝑈𝑇 ↔ 𝑐𝑖𝑗 = 𝑎𝑖
𝑇𝑎𝑗

sim 𝑖, 𝑗 ∼ 𝑎𝑖
𝑇𝑆 𝑎𝑗

𝑆

𝑖 𝑗



𝐾, 𝑆

ቊ𝐴𝑆𝐴
𝑇 = 𝑈Σ2𝑈𝑇

𝐴𝑇𝐾𝐴 = 𝑉Σ2𝑉𝑇

Σ

Frolov, Evgeny, and Ivan Oseledets. "HybridSVD: when collaborative information is not enough." 
In Proceedings of the 13th ACM conference on recommender systems, pp. 331-339. 2019.



ቊ𝐴𝑆𝐴
⊤ = 𝑈Σ2𝑈⊤

𝐴⊤𝐾𝐴 = 𝑉Σ2𝑉⊤
ቊ𝐴𝐴

⊤ = 𝑈Σ2𝑈⊤

𝐴⊤𝐴 = 𝑉Σ2𝑉⊤

via SVD of an auxiliary matrix
[Abdi 2007; Allen et al. 2014]:

𝐿𝐾𝐿𝐾
𝑇 = 𝐾, 𝐿𝑆𝐿𝑆

𝑇 = 𝑆

link to the original latent space

𝐿𝐾
⊤𝐴𝐿𝑆 = 𝑈ΣV𝑇,

𝐿𝐾
−⊤ 𝑈 = 𝑈, 𝐿𝑆

−⊤ 𝑉 = 𝑉

Solution:

“hybrid” folding-in:

latent space structure: 𝑈⊤𝐾𝑈 = 𝐼, 𝑉⊤𝑆𝑉 = 𝐼

𝒑 = 𝐿𝑆
−𝑇 𝑉 𝑉𝑇𝐿𝑆

𝑇𝒂.

Properties:





•



𝑉𝑊 = 𝐹 → 𝑊 = 𝑉⊤𝑆𝐹

𝑊

𝑉𝐹

𝒇
𝒗

𝑊⊤𝒗 = 𝒇

𝑆 = 𝐼 𝐾 = 𝐼

𝒑 = 𝑈Σ𝒗 = 𝐴𝑉𝒗

←

←



𝐿𝐾
⊤𝐴𝐿𝑆

•

𝐾 𝑆

•

•

https://github.com/scikit-sparse/scikit-sparse




•

•

•

•





𝑓𝑈: User × Item → Relevance

↓

𝑓𝑈: User × Item × Context → Relevance

↓

𝑓𝑈: User × Item × Context1 ×⋯× Context𝑓 → Relevance



𝑓𝑈: User × Item × Context → Relevance



𝑓𝑈: User × Item × Context1 ×⋯× Context𝑓 → Relevance

•

•

Image source: http://karlstratos.com/#drawings



𝑈 ← 𝑑1 left singular vectors of 𝒜0
(1)

𝑉 ← 𝑑2 left singular vectors of 𝒜0
(2)

𝑊 ← 𝑑3 left singular vectors of 𝒜0
(3)

𝒢 ← 𝒜0 ×1 𝑈 ×2 𝑉 ×3 𝑊

𝑈,𝑉,𝑊, 𝐺

𝒢

𝑈

𝑊

𝑉

𝒜 ≈

minimize
𝒢,𝑈,𝑉,𝑊

𝒜0 −ℛ 𝐹
2

ℛ = 𝒢 ×1 𝑈 ×2 𝑉 ×3 𝑊

𝑈⊤𝑈 = 𝐼, 𝑉⊤𝑉 = 𝐼, 𝑊⊤𝑊 = 𝐼

×𝑛 𝒜 𝐵

𝒜 ×𝑛 𝐵 𝑖1…𝑖𝑛−1 𝑗 𝑖𝑛+1…𝑖𝑚 =

𝑖

𝑎𝑖1𝑖2…𝑖𝑚𝑏𝑗𝑖𝑛



𝑛

•

toprec 𝑢, 𝑐, 𝑛 ≔ argmax
𝑖

𝑟𝑢𝑖𝑐
𝑛

•

toprec 𝑢, 𝑖, 𝑛 ≔ argmax
𝑐

𝑟𝑢𝑖𝑐
𝑛







U
se

rs

Items

3

U
se

rs

3
1 2

54

1

||𝒜0 − ℛ||𝐹
2 → min

ℛ = 𝒢 ×1 𝑈 ×2 𝑉 ×3 𝑊

ratings are cardinal values

𝑓𝑈: User × Item → Rating

Standard MF model

𝑓𝑈: User × Item × Rating → Relevance Score

Collaborative Full Feedback model – CoFFee*

*[Frolov & Oseledets 2016]

||𝐴0 − 𝑅||𝐹
2 → min

𝑅 = 𝑈Σ𝑉⊤



𝑃

𝑅 ≈ 𝑉𝑉⊤𝑃𝑊𝑊⊤

𝒓 = 𝑉𝑉⊤𝒑

𝒢

𝑈

𝑉

𝑊

≈

𝒖⊤

𝒜



𝑅 = 𝑉𝑉⊤𝑃𝑊𝑊⊤

•

•



“users who like this

also like…”

“users who dislike this,

do like…”



https://www.youtube.com/c/AIRIInstitute
https://t.me/airi_research_institute
https://twitter.com/AIRI_inst
https://ru.linkedin.com/company/artificial-intelligence-research-institute
https://vk.com/airi_institute

